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ABSTRACT 

A one dimensional Fredholm integral equation is derived for the 

ground state solution of the delta-function model for t w o  electron 

Helium-like ions. This equation i s  solved numerically; the perturbation 

series is developed through E ‘20) and compared with the solution of 

the integral equation. The series is further analyzed in terms of the 

singularity which determines its radius of convergence. 
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In t roduc t ion  

The 2 - func t ion  model f o r  He-like 2-e lec t ron  systems i s  a one- 

dimensional analogue of t h e  phys ica l  He problem i n  which t h e  two 

p a r t i c l e s  a r e  cons t ra ined  t o  move along the  r e a l  l i n e  and a l l  coulombic 

terms are rep laced  by S- func t ions .  

of t he  $- func t ion  model f o r  t he  hydrogen atom i n  which the  s i n g l e  

It i s  a ua tu ra l  g e n e r a l i z a t i o n  

e l e c t r o n  i s  cons t ra ined  t o  the  rea l  l ine  and the  coulombic a t t r a c t i o p  

term i s  rep laced  by a s i n g l e  S -funct ion .  Such a model f o r  2 e l e c t r o n  

systems i s  n o t  t h e  only one which has been suggested.  Ijenson, White, s t d  Byers- 

Brown' have a l s o  considered t h e  s o  c a l l e d  Hooke's l a w  He atom i n  

which t h e  coulombic a t t r a c t i o n  terms are rep laced  wi th  harmonic 

o s c i l l a t o r  p o t e n t i a l s  and the  r epu l s ion  t e r m  i s  l e f t  unchanged, 

s - func t ions  have been used f o r  some t i m e  as models t o  s tudy  

the  real  coulomb problem. Qui te  r e c e n t l y  s e v e r a l  au thors  have used 

these  pot6ut iz t l s  t o  s tudy  c o l l e c t i o n s  of a l a r g e  number of i n t e r a c t i n g  

boson-fermion sys temse2  This  s tudy  w i l l  concen t r a t e  on the  s imples t  

such system, t h e  two e l e c t r o n  ions .  

The p o i n t  of t h e  s tudy  i s  r e a l l y  twofold. We w i l l  a t tempt  t o  

answer the  ques t ion ,  how w e l l  does the  model correspond t o  r e a l i t y  and 

where o r  how does i t  f a i J  t o  do so l  This can be done by so lv ing  the  

model e x a c t l y  and we p re sen t  a p o t e n t i a l l y  exac t  s o l u t i o n .  I n  t h e  

second p a r t  of t h e  paper w e  o b t a i n  t h e  p e r t u r b a t i o n  ene rg ie s  through 

20th order .  We a t tempt  t o  analyze the  convergence of t he  series they  

c o n s t i t u t e ,  i n  o rde r  t o  i n v e s t i g a t e  f o r  a s p e c i f i c  problem where such 
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a pe r tu rba t ion  series breaks 

Sec t ion  1 d e s c r i b e s  t h e  

down and what happens when i t  does. 

Hamiltonian, t h e  p e r t u r b a t i o n ,  t he  s o l u t i o n  

of t h e  unperturbed problem: some genera l  remarks about t h e  s o l u t i o n  

of  the  per turbed  problem a r e  included as w e l l o  Sec t ion  II con ta ins  t h e  

method of exac t  s o l u t i o n ,  a d i scuss ion  of t he  i n t e g r a l  equat ion and a 

p resen ta t ion  of numerical  r e s u l t s ,  Sec t ion  1x1 presen t s  some t h e o r e t i c a l  

and numerical  arguments about t h e  na tu re  of t h e  computed r e s u l t s .  

Sec t ion  I V  con ta ins  a d e r i v a t i o n  of t h e  equat ions f o r  t he  pe r tu rba t ion  

ser ies  and a l i s t i n g  of t h e  pe r tu rba t ion  energ ies  through 20th o rde r .  

Sec t ion  V a t tempts  an a n a l y s i s  of t hese  pe r tu rba t ion  energ ies  i n  

t e r m s  of t h e  s i n g u l a r i t y  which determines t h e  r a d i u s  of convergence 

of t he  series they c o n s t i t u t e .  

I. Statement of Problem 

The Hamiltonian f o r  t h e  model descr ibed  i n  t h e  in t roduc t ion  i s  i n  

s u i t a b l e  u n i t s :  

Here h = 112 where 2 i s  t h e  charge OR t he  nucleus;  thus 3 
measures the  s t r e n g t h  of t he  pe r tu rba t ion ,  A =  0 d e f i n e s  the  un- 

per turbed problem and non - 0 h r ep resen t s  a f i n i t e  i n t e r a c t i o n  

between t h e  two p a r t i c l e s  of s t r e n g t h  

separable .  The s o l u t i o n  c o n s i s t s  of a s i n g l e  bound s t a t e  of energy -1, 

a s i n g l y  exc i t ed  cont inuumbeginning a t  E = - % >  obtained by e x c i t i n g  one 

of t he  par t rdes  t o  t h e  continuum and a doubly e x c i t e d  continuum 

beginning a t  E = 0 ,  obtained by e x c i t i n g  boPh pa r t i c l e s  t o  the  continuum 

A e The unperturbed problem i s  
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Using the  Weyl comparison theorem3 one may determine the  number of 

bound s t a t e s  which equat ion  (I) possesses ,  

For  f i n i t e  p o s i t i v e  2 t he  p o t e n t i a l  i s  bounded below by the  

unperturbed p o t e n t i a l ;  thus  t h e r e  e x i s t s  a t  most one bound state.  

For nega t ive  3 

equat ion (Z) ,  with two i n t e r a c t i o n s  of  s t r e n g t h  

t h e  p o t e n t i a l  i s  bounded below by the  p o t e n t i a l  of 

2 \, 

This  problem (which i s  e x a c t l y  so lub le )  a l s o  has  only one bound s t a t ?  ; 

thus  t h e  o r i g i n a l  problem has  a l s o  a t  most one bound s ta te .  

Furthermore f o r  nega t ive  3 t h e  p o t e n t i a l  of (1) i s  bounded above 

by t h e  unperturbed p o t e n t i a l ;  thus  t h e r e  must e x i s t  a t  least  one bound 

state. These two s ta tements  t oge the r  imply t h e  ex i s t ence  of a s i n g l e  

bound s t a t e  f o r  nega t ive  h e The argument i s  equa l ly  v a l i d  f o r  

p o s i t i v e  6 1, where t h e  bound s t a t e  of equat ion  (2) diqappears .  

Beyond t h i s  po in t  a l l  t h a t  can b e ' s a i d  i s  t h a t  t h e r e  may e x i s t  a t  m o s t  

a s i n g l e  bound state.  The continuum s o l u t i o n s  of (1) begin a t  

E = -f, j u s t  as i n  t h e  unperturbed problem. These continuum s o l u t i o n s  

may i n  f a c t  be cons t ruc ted  from t h e  unperturbed problem by t ak ing  t h e  

arguments of t h i s  gene ra l  na ture .  

11. Method of Exact So lu t ion  

We so lve  equat ion  (1) exac t ly  wi th  a 2-dimensional Four i e r  
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t r a n i  form, L e t t i n g  

G s a t i s f i e s  equat ion  ( 3 ) :  
00 . ,  

y ( - x , x )  = y ~ - x , - x )  a r e  even func t ions  of x. w r i t i n g  

Fik) = f e i k . ' ~ ( x , O ) $ Z  
--=CY . 

H(k) = 
d l i Z X  - + X , X  1 CJX 

--oo 
(3 )  becomes 

*.. . 

2 
That i s ,  t h e  unknown func t ion  G of t h e  two v a r i a b l e s  k and k 

may be expressed i n  terms of two unknown func t ions ,  F and H,  each of 

1 

which depend only on a s i n g l e  v a r i a b l e ,  and a known denominator which 

depends on kl and E2' 

r e l a t e d  i n  some way; they a r e  obtained by Four i e r  transforming a s i n g l e  

func t ion  

Below w e  deduce what t h a t  r e l a t i o n  i s .  

t h a t  v i a  equat ion  ( 4 )  t h e  problem of determing t h e  unknown funct ion  

These two func t ions  F and H a r e  obviously 

(x,y) along wi th  x a x i s  and alopg the  l i n e  y = x r e s p e c t i v e l y .  

But t h e  e s s e n t i a l  poink i s  

G of two v a r i a b l e s  s i m p l i f i e s  t o  t h e  problem of determing the  two 
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(related) functions of one variable, F and K. 

To obtain equations for F and €3, note that inverse Fourier 

transforming 4: 

over F and He We use this expression and the definitions of P(k) = 

j2xp,0) and H (IP) = rcbC k P ( E , K )  

equations for the functions F and H. Thus 

gives back the function 9 (x9y.> in terms of integrals 

to get two cozaplled integral 

and 

and 

which further simplify to 

and 
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The second of t hese  equat ions  g ives  H i n  terms of an i n t e g r a l  over F 

which may then  be s u b s t i t u t e d  i n t o  the  f i r s t  t o  g ive  a s i n g l e  i n t e g r a l  

equatikn f o r  t h e  func t ion  F: 

i 
The i n t e g r a l  over k‘ i n  t h e  l a s t  t e r m  of (5) may be worked out  

e x p l i c i t l y .  Equation’ (5) i s  thus of t h e  form 

-Go 

and M #I-$GF 
/ . - - -  

I - ar k(h,40 = f hslt,p= [ ~ ~ ~ ~ j - h l l ~ i p ~  G C ’ ~  I ~ I . ~ ~ / ) \ ~ ~ - ( ~ + X )  

( 8 )  
--pa 

Thus the  bound s t a t e  s o l u t i o n s  of eqd&ion (1) are  t h e  normalizable  

s o l u t i o n s  of (6) wi th  4 and I-( given by ( 7 )  and (8) ;  t h e  

eigenvalues  E = - a”/& are  t h e  va lues  of p which f o r  each al low 2 

such normalizable  s o l u t i o n s ,  

Equation ( 6 )  i s  (almost)  of t he  s tandard  Fredholm type. It 

may i n  f a c t  be c a s t  i n  t h i s  form provided t h e  func t ion  $!(k] never  

vanishes ,  I f  t h i s  i s  t h e  case  ( i .e .  i f  w e  may w r i t e  
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-00 (9)  

with'?(k) = F(k) dm2 = K ( k l  kZ' )  and an 
mm . .  

e igenvalue .  

equat ion  of t h e  second kind5 wi th  e i g e n v a l u e p  = 1. 

We then seek s o l u t i o n s  of t h i s  s tandard  Fredholm i n t e g r a l  

i .e .  t he  dependence 

of p on i\ i s  f ixed  by r e q u i r i n g  t h a t  ldw eigenvalue.,/CC of (9)  be 1. 

Furthermore s i n c e  K i s  symmetric i n  k and k '  and square i n t e g r a b l e  f o r  

- a l l  va lues  of h > O  and p ) O  ( s e e  Appendix I) ,  K i s  a l s o  symmetric 

i n  k and k '  and square  i n t e g r a b l e  f o r  a l l  va lues  of h>6, but now only 

f o r  a l l  va lues  of p > 1. This guarantees  t h a t  (1) e igenvalues  ex is t  

and ( 2 )  they a r e  d i s c r e t e  and (3 )  t h e  corresponding e igen func t ions  F 

are n o r m a l i ~ a b l e . ~  

/u 2 

2 

Thus w e  determine p( A ) by so lv ing  ( 9 )  w i th  f ixed  h 

by a d j u s t i n g  p so  t h a t k  = 1. 
L 

This was done numerically.  S ince  )b(x,O) i s  even i n  x ,  so  i s  F(k) 

(= r e i k r -  3 (X, 0 ) d E  ) even i n  k ;  thus  we need only cons ider  p o s i t i v e  k by 

r ep lac ing  K ( k , k ' )  wi th  '(K(k,k') + K(k,-k'))  i n  (5) o r  ( 9 ) .  The 

i n t e g r a l  may then be transformed e a s i l y  t o  an i n t e g r a l  over t h e  i n t e r v a l  ( 0 , l )  

i n  a v a r i e t y  of ways, e .g .  by l e t t i n g  x = k ' / ( k ' + l ) ,  

then i s  w e l l  behaved over t h e  new i n t e r v a l  ( 0 , l )  (because K(k,k'))---?. 0 

l i k e  1 /k I2  f o r  l a r g e  k ' )  and an approximate i n t e g r a t i o n  scheme may 

The in tegrand  

be expected t o  work very  w e l l .  The numerical r e s u l t s  of Table I and 

Figure  I were obtained t h i s  way us ing  a Gauss Legendre i n t e g r a t i o n  

scheme of f i r s t  10, then 20 p o i n t s .  (Hardly any improvement was observed 

by inc reas ing  the  number of p o i n t s  t o  20, anillthe. tabLes preSent t h e  10 

p o i n t  r e s u l t s . )  The r e s u l t s  were obta ined  us ing  equat ion  ( 5 ) ,  n o t  

( 9 ) .  Replacing t h e  i n t e g r a l  of (5) wi th  a f i n i t e  sum conver t s  (5) 
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t o  a homogeneous f i n i t e  s e t  of simultaneous equat ions  i n  the  va lues  of 

t he  unknown func t ion  F ( F~ ) a t  the  quadra ture  p o i n t s  2; e d\ 

i s  f ixed  and p va r i ed  u n t i l  t h i s  se t  has  a s o l u t i o n ,  i.e. until t h e  

determinant  of  t h e  set of simultaneous equat ions  = 0 ,  

111. Theore t i ca l  Discussion of Resul t s  

F igure  1 shows a smooth curve which s ta r t s  a t  E = -1 with s l o p e  

% and inc reases  up t o  E = -4 a t  about 3 = 2.65 where i t  s t o p s ;  t h e  

s lope  of t h e  curve a t  t h i s  po in t  i s  0. One might a s k  why doesn ' t  

t he  curve c r o s s  i n t o  t h e  continuurn; o r  why does F t  s t o p  a t  all; o r  why 

(does  it s t o p  w H e r e  i t  does f  o r  why is  t h e  s lope  0 a t  this poia.t? 

Phys ica l ly  one might expect  the  bound s t a t e  t o  d isappear  by making 

the  r e p u l s i v e  i n t e r a c t i o n  between the  two p a r t i c l e s  l a r g e  enough,. 

This apparent ly  happens i n  the  rea l  3-dimensional He problem at 
6 

h = 1.1184 , b u t  no t  a t  t h e  onse t  of t he  continuum b u t  wi th in  

the  continuum and n o t  wi th  0 s lope .  Thus phys ica l  arguments and 

anabgy  wi th  t h e  r e a l  H e  problem do n o t  a lone  provide the  answers 

t o  t h e s e  ques t ions .  

Some of them may be answered by examining equat ion  (5) i n  

2 2 
t he  v i c i n i t y  of t h e  po in t  p = l (E  = - % ) *  

completely changes c h a r a c t e r ;  when t h e  f a c t o r  4 bas a zero ~t i s  ~lo,~onger 

poss ib l e  t o  c o n s t r u c t  equat ion  ( ) from (5). (This  requi red  d i v i s i o n  

of K ( k , k ' )  by ). Even so ,  i t  i s  poss ib l e  t o  r u l e  

POL- p 5 $equation (5) 

out some of t h e  p o s s i b i l i t i e s  suggested i n  the  f i r s t  paragraph 

2 
through use of t he  square i n t e g r a b i l i t y  s f  K { k $ k * )  f o r  a l l  p > 0 ,  

h 70 e A squa re  i n t e g r a b l e  k e r  P d e f i n e s  perhaps t h e  simplest: 
5 
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7 completely continuous (compact) transformation. Equation (5) may be put 

in the form 

rNF - KF = A F ,  ' (10) 

where N is a bounded normal transformation; K is a completely continuous 

transformation and,& is an eigenvalue. The solutions of eq. (5) 

are solutions of eq. (10) with eigenvaluesb = 0. 

to Neumann and Weyl' states that the continuous spectrum of a normal 

A theorem due 

transformation is invariant under the addition of a completely continuous 

transformation. The continuous spectrum (all of the spectrum) of the 

normal transformation in question is the range of the function . 
As long as p > 1 the range of is bounded away from 0 ,  This implies 

the continuous eigenvalues of (10) are also bounded away from 0 also. 

d + 2 

This means that the only solutions of (10) with eigenvalue 0 are bound, 

a fact we knew anyway, 

A s  for the questions outlined above, suppose first of all, E(h ) 
c 

exists only for h 5 a0 and E( A,  ) f E 4 -%. Then 
one could easily compute a variational E for ( A. + ) 7 2  7 with 

d 

small enough, which would provide an upper bound for such 

sufficiently close to o below E = -%. E = E( A,)+(>- 

= E ( h0 ) + E'( A, ) ( > - &). ( € ' ( A )  is a decreasing function 

of and is finite (5%) at h = 0). By hypothesis this could not be a 

bound state, But a continuum state cannot have energy < -%. This 

provides the required contradiction. Similarly neither can E ( A )  exist 

for < (ieee in an open interval) with E(7\)f E<-%, and not exist for 
- 

> '+ 
of equation (9) at the point ( 2, 

. If this were so we could define the completely continuous operator 

1im p ( > l = p o ) .  Let Fi be a 
A 0  

sequence of solutions of (9) corresponding to ( , p c x )  1 



with  t% O>l%=-P63e - From the  sequence of func t ions  

N 7 
K( Aoi po ; b, k' ) Pi one can then  e x t r a c t  a convergent subsequence. 

Using t h i s  subsequence and arguing as below, one can d e f i n e  a solut iorr  

t 

a t  the  p o i n t  /\o,pe e This  provides  t h e  requi red  con t r ad ic t ion ,  

Having d e a l t  wi th  these  two s impler  cases ,  suppose now t h a t  E ( >  ) A  

-% as 2 - r o  f o r  some > o  ( inc luding  t h e  case  2o = ca ). 

Then we have a sequence of normalizable  e igenfunct ions  F and a 

sequence of p o i n t s  ( A ; ,  p [A;) ) such t h a t  pC),-)-=-E; )"-SA,, and 

i9 

Again., s i n c e  K is square i n t e g r a b l e  f o r  a l l  non-0 ,A and p , Ki 

and K are completely continuous t ransformations.  Furthermore K,  -.J K 

s t r o n g l y ,  i .e. i n  t h e  sense  of t h e  norm 11 ~ Since K i s  

completely continuous we can e x t r a c t  a convergent subsequence from 

0 1 0 

0 

t he  bounded sequence of func t ions  K F 

Since KoFi = (Ko-Ki 4- Ki> Fi and Ki2Ko s t rong ly  we also have K.P.--' 

Thus #;Fi - y  
i t s e l f  converge a l s o ,  P. -A 7(/  

v func t ion  F = 

I f  F i s  normalizable  then  11 Fll = I t . ?  ''!=;I' = This  impl ies  

t h a t  

and t h a t  y(0) =Q, s o  t h a t  F has  f i n i t e  norm). I f  F i s  n o t  normalizable ,  

then  aga in  cannot  be i d e n t i c a l l y  0 ,  and (Q) must still be 0,  

such t h a t  KoFi jb i n  t h e  mean. 
O i  

I L yJ 
i which means t h e  sequence 4,F; as w e l l  as P 

= /= Thus F. converges t o  a = 5 -  1 

which may o r  may no t  be normalizable ,  ( 4,[0)= C 
T U  

is  n o t  i d e n t i c a l l y  0 (otherwise F wovld have 0 norm), 
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This  is SO because )V (k) i s  f i n i t e :  /'#Chi/ C 11p ISk,(/Z,k') F ; ( k ' ) $ h ' /  5 

i1.h l ~ k ~ z ( k ~ k ' ) d h ' l  < 00 ( t h e  P a ' s  are assumed normalized) ,  Assuming wi thout  

proof ,  as w e  do below, t h a t  t h e  l i m i t  and t h e  i n t e g r a l  may b e  interchanged,  

w e  have y ( k )  = l i p  !ko(k,h')  <;-(k'!cbh'= SKoIs)k')F(h/)LPh'__Sko(k:k')~(&') d,j'* 

Since  $ o(k*)  = o.(k' ) 

Ko(k,k') f ' (k ' )  = o(k'  cl")) 3 d  } 0 f o r  s m a l l  k '  . Ko(k,O)#O s o  i n  o rde r  t h a t  

7f.' (k) be  f i n i t e ,  w e  must have 

L 

z &-??I 
2 t h e  term on t h e  r i g h t  i s  i n f i n i t e  un le s s  

(k')=o(k'(l'd)) f o r  s m a l l  k ' .  Note t h i s  

does no t  imply t h a t  F = is  n e c e s s a r i l y  normalizable .  
3G - 

The vanish ing  of tfi(0) imp l i e s  t h a t  t h e  l i m i t i n g  func t ion  

F = i s  a l s o  a s o l u t i o n  of equat ion (5 ')  below, provided t h a t  K,(O,O)$D. 
?G 

s i n c e  t h e  l as t  term on t h e  r i g h t  i s  i d e n t i c a l l y  0. That is t h e  

o r i g i n a l  square  i n t e g r a b l e  symmetric k e r n e l  K (k ,k ' )  may b e  rep laced  by t h e  

new square  i n t e g r a b l e  symmetric kerne l :  

0 

of (5*)  provided K (O,O)#O. The reason f o r  cons t ruc t ing  t h i s  new 

ke rne l  i s  t h a t  w e  may now proceed i n  exac t ly  t h e  same manner which 

0 

N ry 
K l ( k 9 k ' ) = K l ( k 9 k f ) / ( m @ ) ,  F s a t i s f i e s  t h e  s tandard  Fredholm 

i n t e g r a l  equat ion of t h e  second kind: 

/M- an eigenvalue.  Direct c a l c u l a t i o n  shows t h a t  e igenso lu t ions  wi th  A = 1 

do no t  e x i s t .  This c a l c u l a t i o n  is performed by f i x i n g  /M a t  l, p a t  1 

and r ep lac ing  t h e  i n t e g r a l  wi th  a f i n i t e  quadra ture  s u m . A s  h varies the  
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de termi2ant  of t h e  corresponding se t  of simultaneous equat ions  remains 

bounded eway f l ~ ~ ~ i  0 .  The v a r i a t i o n  i n  t h i s  de te rminant  w i th  i s  

ind ica t ed  i n  Table 11. "he  s i n g l e  point: &,= 2 , 6 6 7 3  6 where 

k,Co, 01 

emerges as t h e  only  p o i n t  where E f 2\ may c r o s s  over i n t o  t h e  

c~ntinuii~i-i.  A t  a l l  o t h e r  p o i n t s  A ,  p=  solutions,,do n o t  exist. 

One of t h e  coisequences of t h i s  r e s u l t s  i s ,  f o r  example, t h a t  E 

cannot tend a sympto t i ca l ly  t o  -1. s 5  ,h OD , a f a c t  which 
L 

w a s  n o t  a t  a l l  obvious e i t h e r  from p h y s i c a l  arguments or from t h e  

gene ra l  shape of t he  computed curve. 

0 (at t h i s  po in t  one may not construct ~?. ( le ,k i )  

cl C 5 d )  

The numerical  evidence t h a t  t h e  a n a l y s i s  i s  c o r r e c t  i s  very  

convincing. ~t i s  a s imple  matter t o  c a l c u l a t e  t h e  va lue  of f o r  

which 

f i r s t )  one may s o l v e  equat ion  (5) by q u a d r a t u r e  and l e t  A ihcrease  

t o  determine p as a func t ion  of . The curve  l e v e l s  off  and 4 1 

as A" A 0  T ~ Q  two c a l c u l a t i o n s  f i x  a% 2.66736 i n  en t i re l j .  

k, (0) 0 1 5 0 A l t e r n a t i v e l y  ( t h i s  w a s  a c t u a l l y  done 

independent ways, 

What can be s a i d  about t h e  s lope  of t h e  f u n c t i o n  E ( A  a+ 9, = 

Numerica%ly t h e  slope seems t o  be going t o  0. The Hellman-Peynman 

theorem app l i ed  to equa t ion  (1)  g ives  = m 
" 

l e e .  t h e  s l o p e  is  every where p o s i t i v e ,  S ince  t h e  2nd o rde r  energy 

, t h e  s l o p e  i s  a dec reas ing  
6 

always nega t ive ,  P e e .  s i n c e  6 

fURC%iOn Of ,h A t  any p o i n t  >,where d r  = 0 ,  e i t h e r  
23 

f q c k , X ] 2 k  must be 0 ,  i.e. Y C k , k )  must be 0 almost every- 

where, o r  $ y c r , X ) =  X must remain f i n i t e  and {p(k,v )%A& 
.nust become i n f i n i t e .  v ( ? c , x )  cannot vanish  f o r  t h e  nodeless 
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ground s t a t e ;  thus  i f  ever 

non-normalizable a t  t h a t  po in t .  i,e. t h e  s o l u t i o n  must be a 

continuum s ~ l u t i o n .  The Weyl-Neumann theorem i n s u r e s  t h a t  a t  

E = -% (p  = I) ,  a continuum s o l u t i o n  must ex is t .  

may be degenera te  wi th  i t  however). 

p = 1) A unique (numerical)  s o l u t i o n  of (5) was found. The uniqueness 

i n s u r e s  t h a t  it must be an approximation t o  t h e  continuum s01uti.cn 

gparanteed by t h e  Weyl Neumann theorem, and exp la ins  why t h e  s l o p e  

of t h e  curve  is  0 a t  this p o i n t ,  = oca * It w a s  

thought a t  f i r s t  t ha t  t h l s  cont1'ntiiim s o l u t i o n  was a simple d e l t a  

func t ion .  If 

would s a t i s f y  eq. (5) exactly.. k,(O, k 1 
0 (though i t  remains s m a l l )  and the e x a c t  C ~ h + ; ~ & v r r  s o l u t i o n  i s  

more complicated than a simple 

d EJ- 5 0 
2 5  

(A bound s o l u t i o n  

A t  t h e  p o i n t  ( A B  = 2.66736, 

 sf?;^, 4 ) > d k  

(0, k' were i d e n t i c a l l y  0 a d e l t a  func t ion ,  (k) 
i s  however n o t  i d e n t i c a l l y  

S' - func t ion .  

To summarize, u s ing  t h e  complete c o n t i n u i t y  of t h e  ope ra to r  

w e  have been a b l e  t o  show t h a t  (1) 

t h e  l i n e  E = -k which bands t h e  continuum;(2) i t  cannot touch o r  

c r o s s  t h e  line E -. -k except  a t  the s i n g l e  p o i n t  >,-.: Po where 

E ( h )  must e i t h e r  c r o s s  or toeicf 

ko (0,o) 0; and (3) i t  does i n  f a c t  touch t h e r e  wi th  0 s lope .  The 

s o l u t i o n  a t  t h i s  po in t  goes over from bound t o  continuean, (It i s  

conceivable bu t  h igh ly  u n l i k e l y  t h a t  t h e  bound s t a t e  could 

reappear beyond t h i s  p o i n t  i n  t h e  continuum.) 

It i s  of i n t e r e s t  t o  determine how we11 t hese  r e s u l t s  can 

be  reprof:.: ~ c with h igh  o rde r  p e r t u r b a t i o n  theory .  Though eqmatim 

(1) has the exac t  s o l u t i o n  descr ibed  i n  t h e  prev ious  ~ W Q  s e c t i o n s ,  



t he  r e a l  3-dimensional problem does not  permit an exac t  s o l u t i o n .  

Pe r tu rba t ion  theory i s  i n  f a c t  o f t e n  t h e  only way of so lv ing  d i f f i c u l t  

problems and i n  t h i s  example w e  have an e x c e l l e n t  oppor tuni ty  t o  s e e  

how w e l l  i t  does i n  d e s c r i b i n g  the t r u e  r e s u l t .  

W. Byers Brown has  worked ou t  t he  f i r s t  t h r e e  of t hese  p e r t u r b a t i o n  

ene rg ie s  and S t i l l i n g e r  and White4 have repea ted  t h e  c a l c u l a t i o n  i n  a 

very i n t e r e s t i n g  a r t i c l e  t h a t  examines many e l e c t r o n  problems wi th  an 

H t h a t  involves  t h e  hype r - sphe r i ca l  average of t h e  t r u e  H. For 

t h e  two e l e c t r o n  s - func t ion  model t h i s  c i r c u l a r  average g ives  r ise  

0 

t o  a 2 dimensional H atom Hamiltonian wi th  an a t t r a c t i o n  t e r m  

(~G->)/(cfi,-) a Thus f o r  h>2E t h i s  t e r m  changes s i g n ;  t h e  

a t t r a c t i o n  becomes r e p u l s i o n ;  one might expect t h a t  the series of 

p e r t u r b a t i o n  ene rg ie s  would break down f o r  va lues  of 

s i n c e  f o r  such va lues  t h e  H problem does n o t  have a bound s t a t e  

s o l u t i o n .  Indeed the 

h > Ja 
0 

>, of t h e  prev ious  s e c t i o n  i s  f a i r l y  c l o s e  

to 2.828. 

One way of g e t t i n g  t h e  p e r t u r b a t i o n  series i s  t o  expand every th ing  

i n  equat ion  (5) i n  powers of and equate  t h e  c o e f f i c i e n t  of each 

t e r m  t o  0 .  The a lgeb ra  soon becomes very  involved and it i s  s l i g h t l y  

e a s i e r ,  bu t  e n t i r e l y  equ iva len t ,  t o  expand t h e  F o u r i e r  t ransform a f  

equat ion  (1) d i r e c t l y .  When t h a t  i s  done one has  t h e  i n f i n i t e  s e t  

of equat ions :  



" 1  z \  
The A /c! 4 ax4  Isl X )  obey t h e  fol lowing recur rence  scheme: 



As in section 11, we inverse Fourier transform 

to get 9 ( 2 , ~  and then use the definitions of F and 8 to 

and H obtain the two nth order equations for F 3 
l-?.l) car  1 

12) 

and 

f $3)' 

q uak-sch, 
2 here p,  = 2 e 

(12) is an inhomogeneous integral equation for F E the > 
(I) inhomogeneity involves the unknown nth order energy E which 

is determined by requiring that the equation have a solution, 



t e r m  involve ene rg ie s  and func t ions  s f  or2ea.p f n -E which are 

assumed known.) With t h i s  choice  of E (,il)has a s o l u t i o n  

which i s  uniquely determined by r e q u i r i n g  t h a t  P be or thogonal  

t o  Fa’ ( in t e rmed ia t e  n o r m a 1 i ~ a t i ~ 1 - 1  convention$ e Once w e  have Pc7‘) 

we c a l c u l a t e  H‘+’ d i r e c t l y  BESiHag equation (13) A 1 1  of t h e  

terms on t h e  r i g h t  are  ~ Q W  known. nti.re procedure 

was c a r r i e d  out  numer ica l ly  by r e p l a c i n g  t h e  in tegra ls  wi th  finite 

q u a d r a t e r e  sums, a f t e r  transforming the s e m i - i ~ f i n i t e  interval 

( 0 , ~ )  t o  (0,l) wi th  X =  e F u r t h e m o r e ,  as equations (12.) and 

(13) a r e  w r i t t e n ,  it i s  c lear  t h a t  a t  no t i ~ e  does one need the func t ions  

B e l  and A at p o i n t s  o t h e r  than t h e  o r i g i n a l  set o f  quadrature  

po in t s .  That i s2na  i n t e r p o l a t i o n  scheme f a  necessary .  In t h i s  way 

t h e  p e r t u r b a t i o n  ene rg ie s  through 20th o d e r  were e a l e ~ l a t e d  us ing  

20, 3 2 ,  and 50 quadrature p o i ~ t s .   he - e e s ~ : t ~  a r e  P f s h d  fn t a b l e  111 

i 

along wi th  %he f i r s t  t h r e e  a n a l y t i c  r e su le s .  4 The farActions P (-24) 

and H c‘cI 1 

bu t  n o t  l i s t e d  he re .  Convergence 60es seen t~ have beep reached hiit% 

t h e  32 quadra ture  p o i n t s .  

were a l so  retained in t h e  ealeulatfon axid are available, 



sequence of pe r tu rba t ion  ene rg ie s  w a s  somethiwg of a s u r p r i s e .  In 

t h e  real He problem all of the a v a i l a b l e  v a r i a t i o n  pe r tu rba t ion  

energ ies  (beyond E ( 3 ) )  are  negative. StiIPisager  was a b l e  t o  fit t h i s  

sequence of numbers t o  a s i n g u l a r i t y  of the  type 

where 

A (e--> ) *+ BCr) 

BO.) is asa~med to have -no siwgu~arity a s  close as  o r  c loser  

t o  the  o r i g i n .  This was p o s s i b l e  because the  expansion of 

a l s o  g ives  rise t o  a. series with  c o ~ ~ s t a n t  s igns  and 
than e 
((3-r 1 

6 indeed t h e  f i t  w a s  q u i t e  good. Furthermore we have a l r eady  argued 

in s e c t i o n s  11 ana HIH t h a t  the  %pou~~d s t a t e  d i sappea r s  a t  > = i \o  = 

2.66736; and a t e r m  of t he  type ( 2 . 6 6 7 3 6 - r  1 ~ @> I 

express ion  f o r  E ( 3 )  would account f o r  this behavior  a s  w a l l  as f o r  

t h e  observed 0 s l o p e  a t  = 2.66756 and t h e  gene ra l  shape of the 

6 i n  t E e  a n a l y t i c  

curve i n  F igure  I. 

The nonconstancy in sign of the  pe r tu rba t ion  ene rg ie s  precludes 

the  ex i s t ence  (o r  a t  Beast t he  f ~ . t ~ p ~ r k . a ~ a ~ e )  of such a t e r m  however. 

N e v p t h e l e s s ,  cam one say anything about the a n a l y t i c  behavior o f  E(#Y> 

r ad ius  of convergence of a series r e p r e s e n t a t i o n  of a f u n c t i o n  i s  

determined e n t i r e l y  by the  loca t ion  i n  the  complex plane of t h e  s i n g u l a r i t y  

of the func t ion  which l i e s  n e a r e s t  t o  the ~t is a l s o  known 

t h a t  t h e  convergence of a series i s  determined a t i r e l y  by t h e  

behavior of i t s  h igh  index c o e f f i c i e n t s .  Thus t h e  behavior  of these 

high index c o e f f i c i e n t s  m u s t  r e v e a l  the na tu re  and p o s i t i o n  of t h e  
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n e a r e s t  s i n g u l a r i t y .  I% i s  j u s t  t h i s  i d e a  t h a t  enabled S t i1 l inge . r  

and 8 with  t h e  f i r s t  20 terms i n  t h e  p e r t u r b a t i o n  r t o  eva lua te  

series f o r  He.  

Qui te  r e c e n t l y  W. Byers Brown and B .  McLeod have succeeded i n  

i d e n t i f y i n g  t h e  s i n g u l a r i t i e s  of c e r t a i n  1-dimension Strum-Liouville 

eigenvalue problems which depend on a p e r t u r b a t i o n  parameter a s  

branch p o i n t s  i n  t h e  complex p lane  where two o r  more eigenvalues 

coa lesce .  Byers Brown has been a b l e  t o  l o c a t e  t h e s e  c o n t r o l l i n g  

branch p o i n t s  f o r  a l l  of t h e  low ly ing  s t a t e s  of t h e  l i n e a r  r o t o r  i n  

a pe r tu rb ing  S t a r k  F i e l d ,  
11 

W e  a t tempt  he re  t o  use  Byers Brown’s method of a n a l y s i s  on our  

p e r t u r b a t i o n  ene rg ie s ,  al though t h e  o r i g i n a l  problem i t s e l f  a c t u a l l y  does 

no t  belong t o  t h e  ca tegory  of problems f o r  which t h e  approach i s  s t r i c t l y  

app l i cab le .  Never the less  i f  one assumes E ( ) = A ( bz-a a i- zz) 
+ B ( > ) ,  where B has  no s i n g u l a r i t y  a s  c l o s e  o r  c l o s e r  t o  the  o r i g i n  

than R then t h e  high index c o e f f i c i e n t  E ( 

high index c o e f f i c i e n t  i n  t h e  expansion of t h e  f i r s t  t e r m .  Wri t ing  

A ( h 2 . . - , . ~ ~ t s # t ~ ’ ) ~  = A ’ < / - # >  C z  l e  
with  x = -cos f! , and expanding ( + J r x  + e )e o u t ,  t h e  

expansion c o e f f i c i e n t s  5-2 F, * ( 2 x )  a r e  u l t r a s p h e r i c a l  polynominals 

and obey a 3 t e r m  r ecu r rence  r e l a t i o n  

e 

w i l l  behave l i k e  t h e  

nz 
--E RZ 

1 2  72% 

8 
Q ( a x )  = Zx(6-*17) f, ( 2 x 1  C ( ? ? ’  F%?, c z x )  

F h +  I Coni - I )  l a ? + (  1 
should (%I I f  our assumption i s  c o r r e c t ,  then the  h igh  index E 

obey t h i s  same t h r e e  t e r m  recur rence  r e l a t i o n  f o r  some choice of 

R,  8 and x.  One may tes t  t h e  hypothes is  by us ing  t h r e e  consecut ive  
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tr t3)  C*+") 

such equat ions  ( invo lv ing  E , E >  E l  E t o  
isr+''  

E 
3 

1% J 

determine t h e  t h r e e  unknowns R,  63 , and x. A s  increaseg ,  t h a t  

i s  t h e  next  s e t  of t h r e e  equat ions  is used, t he  computed va lues  of 

R, @ , q l t &  x change. 
I 

I f  they  change only s l i g h t l y  and begin t o  

fend toward d e f i n i t e  l i m i t s  then  our hypothes is  i s  probably c o r r e c t ,  

For every /).L t h e  t h r e e  equat ions may be reduced t o  a s i n g l e  cubic  

equat ion i n  9% * > Q quadratic,,in 8 (wi th  c o e f f i c i e n t s  t h a t  

depend on R ) ,  anda l inea r  i n  x (with c o e f f i c i e n t s  t h a t  depend on 

R).  We look f o r  r e a l  p o s i t i v e  R, r e a l  8 , and r e a l  x such t h a t  

/ X I  5 / which change only s l i g h t l y  as w e  change m e 

Each equat ion  i n  t h e  set  of t h r e e  which d e t e r ~ i n e  R,  8 , and x i s  

eg Ma+! 0 % 

@ f , b t a b l ' O *  

8 and /1 

2 

of t h e  form: 

The r e s u l t s  of t h i s  c a l c u l a t i o n  f o r  va r ious  va lues  of h a r e  

presented i n  Table IV. Although the re  are some bad d i sc repanc ie s ,  

p a r t i c u l a r l y  a t  n =12 and %gJthe  numbers do suggest  t h e  presence of a 

s i n g u l a r i t y  of the branch po in t  type i n  the  a n a l y t i c  express ion  f o r  E 

as a func t ion  of A ., The po in t  l ies  i n  the  complex p lane  a t  a 

r ad ius  R wi th  2, 7 < R < 3.0. 

guesses about  t he  s i n g u l a r i t y ,  Some of t hese  were tried b u t  no th ing  

One might be tempted to make o t h e r  

gave r e s u l t s  as good as t h e  s i n g l e  branch point; descr ibed  above. 

How does t h i s  r e s u l t  re la te  t o  our  previous a s S e r t i Q n  t h a t  

at t h e  p o i n t  = 2.66736 the  bound s t a t e  disappeared and t h a t  a t  

t h i s  po in t  d?g ~0 ? If R < XO then t h e  series would t e l l  us 
2-5 



nothing abaut  t he  behavior  of E(  ) a t  2 0  s i n c e  i t  i s  not  v a l i d  

the re .  I f  however R > h0 ., a s  i t  seems t o  be,  what i s  t h e  s e r i e s  

desc r ib ing  i n  the  i n t e r v a l  6 ro, 7 2 )  where i t  s t i l l  converges? 

F i r s t  of a l l ,  i t  i s  poss ib l e  f o r  d F  t o  be 0 a t  : only t h e  
F A  

index c o e f f i c i e n t s  a r e  determined by t h e  branch po in t  s i n g u l a r i t y ;  

t h e r e  c e r t a i n l y  must e x i s t  another  t e r m  i n  the  expression fo rE(h )  = 

a(r2' 4' R") '' 0 (> ) e (This i s  s o  because w e  know asymptot ica l ly  

E 2 a2 ) This  second term makes it poss ib l e  f o r  AE t o  

vanish a t  
-4; 25 >, even though the  f irst  term' does not .  (In t he  S t i i ' l l i nge r  

a n a l y s i s  of t he  v a r i a t i o n  pe r tu rba t ion  energ ies  f o r  t he  t r u e  

He problem it was t h e  presence of j u s t  such a term which made 

a+ > = 1.1184). I f  i n  f a c t  2 is  > X O  we may examine 

the  curve i n  the  v i c i n i t y  of by using t h e  s e r i e s  i t s e l f ,  both 

f o r  t he  func t ion  and i t s  d e r i v a t i v e ,  s i n c e  f o r  IX I<R the  series 

converges uniformly and abso lu te ly .  When t h i s  i s  done it i s  indeed 
% 2-o 4%) 

found t h a t  E (f') = 2 has a maximum hear > 6 ,  a+ >f-  2.65171 
0 

and beyond t h a t  p o i n t  decreases ;  i .e .  f o r  ;\> >."p +L 6 The 

t r u e  eigenvalue E( 2 )  i s  however everywhere increas ing .  Th'%% 

means t h a t  f o r  ' AO t h e  series though i t  i s  convergen 

converging t o  a non-physical r e s u l t .  It f u r t h e r  implies  t h a t  t h e  

F 

behavior of E( ;2,) i s  the  region of ho i s  as descr ibed  i n  

Sec t ion  P I ,  cannot c ros s  i n t o  the  continuum; f o r  i f  i t  d id  

the  s e r i e s  would d e s c r i b e  such a c ross ing  and it  does not  do so; it 

ins t ead  converges t o  a nsn-physical  decreas ing  func t ion  f o r  A >''''xi jrd .. 



22 

Simpler examples of this s o r t  of behevfor f o r  8 func t ion  and 

i t s  pe r tu rba t ion  series e x i s t .  Consider a hydrogen atom per turbed  by 

an a d d i t i o n a l  coulombic t e r m  of s t r e n g t h  t h e  groumd s ta te  energy r 9  

disappears  e However t h e  ~ e r ~ u ~ b a t ~ ~ n  series -?& -> -J converges 
L 4L 

f o r  a l l  va lues  of > p o s i t i v e  and nega t ive  as welle In the reg ion  

> $ - I  t h e  series converges t o  a non-physical i nc reas ing  fuEct ion.  

V I  e COW@ l u s  ions 

We have examined t h e  s o l u t i o n  o f  t h e  de l t a - func t ion  model f o r  H e w  

l i k e  ions wi th  i n t e r a c t i o n s  = h $( e The exac t  

s o l u t i o n  w a s  obtained by so lv ing  numerical ly  a ~ ~ ~ i ~ e m ~ ~ o n a ~  Fredholm 

i n t e g r a l  equat ion  of t h e  second kind. The bound state disappears  

a t  3\ = 2.66736 and does not  CTQSS i n t o  the continuum. This is  t o  

be con t r a s t ed  wi th  t h e  rea l  N e  problem where t h e  bound s t a t e  

d isappears  a t  a much smaller va lue  of X = 1,1184 and does appear t o  

c ros s  over i n t o  the continuum, The pe r tu rba t ion  series f o r  t he  ground 

s t a t e  was developed through 20th o rde r  and the  c ~ ~ ~ ~ i ~ ~ e ~ ~  fit t o  a 

branch p o i n t  i n  t h e  complex plane a t  approximatePy R=2.9, cos =;5 artd 

exponent 1.1. The p e r t u r b a t i o n  converges t o  a nom-physical resu,lt 

i n  t h e  range R > 2.66736. 

It a l s o  seems l i k e l y  t h a t  t h e  genera l  method of s o l u t i o n  could 

be extended t o  many one dimensional p a r t i c l e s  i n t e r a c t i n g  through 

S -func t ion  p o t e n t i a l s  
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Perturbation Series 
R IE. 

2 .487Q9 - 384675 1 .DO506 

1 2.32952 - 0 53 1994 9 e 09351 

2 3.05225 - .45582B 1 018563 

3 3.26928 - -533929 8.896274 

4 3 0 02570 - .508510 P D 05530 

5 2 9 1419 - 0 503415 1.18401 
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ak 
index of f i r s t  equation used to g e t  R, X, 8. 

o the r  r e s u l t s .  
pe r tu rba t ion  ene rg ie s ,  

. _  
I '  

JkJc n e i t h e r  of t h e  t w o  solutions listed seems to f i t  t he  pattern sf the 
This may be dGe t o  increasing ina curacy in the 
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